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Abstract: Stock market indexes have a very significant role in asset pricing models,
particularly in the Capital Asset Pricing Model (CAPM), as a proxy for the entire wealth in the
economy. There is widespread agreement in academia and industry that popular indices are
inadequate at reflecting the statistical properties of the market portfolio. This study differs
from traditional approaches in two aspects: the index component selection and the
components’ weight assignment. K-Means machine learning technique is applied through
stock moments to exclude outliers' impact on the index and liquidity for index component
selection. Principal Component Analysis (PCA) was used to determine index component
weights in addition to equal weighting and market-cap weighting to reduce value and growth
stocks disproportionate influence on the index. Except for skewness, the PCA-based
weighting index results are remarkably similar to the Center for Research in Security Prices
(CRSP) market-cap weight index. The PCA-based weighted index has a significantly greater
negative skew than other prominent indices.

Keywords: K-Means, PCA-based Weighting for Index Component Weighting, Stock Market Index,
Market Portfolio.

INTRODUCTION

Stock market indices are a significant subject of debate in finance theory due to their
critical role in the Capital Asset Pricing Model (CAPM). The CAPM, being an equilibrium
market model, weights each security in the market portfolio based on its market
capitalization. In practical terms, the market portfolio would contain all feasible assets that
are currently available, such as real estate, precious metals, art collections, and any other
assets, including the return of human capital. The key issue is that not all risky assets are
investable and, in some cases, measurable. Stock market indices are nevertheless
employed as a proxy in empirical research, despite their limitations. The pioneering study
(known as Roll’'s critique) regarding CAPM'’s testability addressed two issues through the
market portfolio. The first one is about the market portfolio's mean-variance efficiency, which
is a mathematical requirement. The CAPM demonstrates mathematically that the market
portfolio is mean-efficient. According to Roll, assuming the proxy is mean-variance efficient
makes the CAPM tautological. The most commonly used proxies in theoretical models are
the CRSP equal-weighted and CRSP value-weighted indexes. Tested the CRSP equal
weighted index, and examined the CRSP value weighted index investigated the mean-
variance efficiency of the market portfolio in the CAPM framework and concluded that they
are not mean efficient. The second issue is the unobservable market portfolio. Studied
measurement error on CAPM estimates (relationship between the asset return and the
market return proxy) by using the correlation between the true market portfolio and the
proxy. His findings rejected the CAPM'’s validity due to omitted components from the market
analyzed the CAPM'’s validity by using artificial stock market data for different proxies. Their
study confirmed that the abnormal returns were a result of the measurement error. However,
in contrast to conclusion, the correlation between the true market portfolio and the proxy is
insufficient information to conclude CAPM'’s estimates are biased.
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Many studies have attempted to incorporate alternative proxies in addition to stock
market indices to substitute for the omitted asset classes within market portfolio proxies.
Tested this argument by adding corporate and government bonds, preferred stocks, real
estate, and consumer durables index returns to U.S. stock index returns. In this parallel,
tested CAPM at the international level by adding 12 major capital markets from Morgan
Stanley Capital International (MSCI) Index to the CRSP and COMPUSTAT data sets to
explain the value premium. Examined the CAPM for publicly traded investment funds by
using six different proxies. In their model, incorporated human capital by assuming human
capital return is linear function of the individual income growth rate. Even though these
innovations improve index efficiency, they are still inadequate to reflect the real market
portfolio.

This study primarily contributes to the existing literature by focusing on two key
aspects to construct a market portfolio proxy. The first aspect involves utilizing clustering,
specifically the K-Means algorithm, for the purpose of asset selection. This approach aims to
minimize the negative impact of outliers on the proxy and allows for the creation of a suitable
subset of stocks that accurately represents the market portfolio. Additionally, PCA is
employed in a novel manner to effectively aggregate information from all components,
thereby minimizing the loss of information.

LITERATURE REVIEW

The methodology used in this study comprises of two steps. In the initial phase, the
K-Means algorithm is used to select assets. The objective of this phase is to reduce the
impact of outliers by grouping stocks based on their liquidity and moments. In a similar
manner, employed a comparable methodology to mitigate errors within his dataset in order
to develop a house price index specific to Saudi Arabia.

The final stage involves assigning weights to the selected stocks. The conventional
weighting methodologies have been subject to criticism due to their potential influence on
stock categories. While equally weighting leads growth stocks to have an over influence on
index performance, capital weighting results same problem for value companies. The 10
largest S&P 500 companies account for 25% of the overall market capitalization. PCA
analysis is employed to mitigate these effects. The earliest similar research in the literature
was conducted by for alternative stock market indexes. They evaluated their alternative
index against the Dow Jones Industrial Average (DJI). Similarly, investigated the market
value and volatility premium using a PCA-based replica portfolio. In the context of index
component weighting, were the first to employ PCA in order to ascertain the constituent
components of the proxy market portfolio. In a previous study conducted by, a similar
methodology was implemented to apply PCA for the purpose of medical indexing.

METHODOLOGY
Asset Selection

The basic idea behind stock selection involved employing reverse engineering
techniques to identify the optimal subset of stocks within a given stock universe. Although
the precise market portfolio composition is unclear, the primary systematic risk factors that
affect price have been extensively studied in academic literature. K-Means machine learning
algorithm was used to cluster the stocks.

K-Means is a well-known unsupervised learning algorithm for "clustering." The
algorithm, as a vector quantization method, finds the best cluster for each observation that is
closest to the mean (cluster centroid). The cluster that is least affected by outlier stocks will
be the most suitable cluster for capturing the true market portfolio. K-Means algorithm is
executed in two phases with the given features for each year in the data set. The algorithm
determines the best clustering number in the first phase, and then labels the data in the
second phase based on the cluster number found in the first phase. In the algorithm, the
major systematic risk factors in the asset pricing framework are used as features. Hence,
prior to running the algorithm, these systematic risk factors were identified.
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Determining Features (Risk Factors)

In standard mean-variance analysis, risk is quantified by the standard deviation of
asset returns. It is important to note that the standard deviation is an appropriate metric
under the assumption that stock returns are normally distributed. Investigated stock return
distributions and concluded that they are leptokurtic. His research confirmed the notion that
the stock returns distribution belongs to the partisan distribution family, as proposed by. In
contrast, empirical analysis revealed that monthly asset return distributions confirm normal
distributions. Many pricing studies are conducted using monthly data based on that
evidence. Similarly, used daily data and discovered results that supported normal distribution
assumptions, but he also noted significant skewness and kurtosis in stock returns and
indices. Empirically demonstrated that the daily returns of London Stock Exchange stocks fit
Turkey's g- and h-distributions. Investigated time-varying price skewness in the US and
global stock markets separately. According to their findings, time-varying price skewness is
more important for the global market premium than for the US market premium, explaining
some of the negative ex ante market risk premium. Similarly, found empirically that
aggregate stock market returns have negative skewness using the CRSP data set from 1973
to 2009. He used a positively skewed firm announcement distribution correlation to explain
asymmetric stock returns used moments from S&P 500 options data. Their research found
that market skewness and kurtosis explained returns that were above average. Conducted
an empirical research of ten developed and ten emerging market economic indices from
1979 to 2016 and found that the generalized lambda distribution is a major characteristic of
alternative stock index models. In the CRSP data set, provided a theoretical model for daily
returns that indicated systematic skewness pricing in cross-section stock returns. Similarly,
there is a vast body of work on portfolio optimization with higher returns, such as, and
Moreover, related the skewness and unconditional kurtosis of asset returns to liquidity
spirals. In their analysis, the returns of speculators are negatively skewed. This results in a
substantial increase in leverage restrictions when market liquidity conditions are poor. Higher
moments of asset and market returns (skewness and kurtosis) contribute pricing for extreme
events (black swan events) risks. Many studies, including, have shown that if the asset's
extreme risk exceeds the market's extreme risk (systemic extreme risk) investors require an
additional premium. As a result, in addition to the standard deviation, the skewness and
ketosis of asset returns are included as features in the K-Means algorithm.

Asset liquidity is the last risk factor used in clustering. There is a substantial body of
literature on the relationship between asset liquidity and returns. Some notable studies
include those by Similar to our study, used liquidity as the main factor to construct the index.
They used electronic limit order books to measure liquidity in their study.

Consequently, stock returns’ standard deviation, skewness, kurtosis, and stock
liquidity risk were determined as features in the K-Means machine learning algorithm. The K-
Means algorithm generated clusters (stock batches) and labeled the stocks with
corresponding batch numbers. Then, each batch’s average standard deviation was
computed. An index is often considered a neutral investment decision. Hence, the lowest
average standard deviation batch, which is least influenced by outliers is selected for the
proxy components.

Weighting

As previously stated, equal-weighted and market-cap-weighted indexing are the most
commonly used methods in index construction. However, both approaches suffer criticism
about their influences, such as equally weighted indices are impacted by low-cap stocks,
whereas market-cap weighted indices are influenced by high-cap stocks.

In the literature, PCA has been employed in several studies as an alternative to the
equally weighted and capital-weighted indexing against value and growth companies over
influence on the index. In fact, PCA is one of the most widely used machine learning
techniques for converting data into a lower-dimensional format while retaining as much
information as possible. PCA determines principal components by using variables variance
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and their correlation among them. In more technical terms, each principal component is a
linear combination of optimally weighted observed variables. The first principal component
preserves the highest amount of variation that was initially present in the original
components. The principal components are defined as the eigenvectors of a covariance
matrix, resulting in their orthogonality. The proportion of variance accounted for by a
principal component is proportional to its eigenvalue. The principal components are
essentially the linear combinations of the original variables (stocks in our data) and the
weights vector. Previous studies used PCA analysis, using either the first component directly
as an index or the positive contribution weights of the first PCA component's elements as
index weights. Both approaches result in the loss of information and used it in their studies
for index or portfolio construction. This study, on the other hand, differs from them in two
ways. To begin, rather than the PCA, another machine learning application, K-Means, is
used to handle asset selection. The second distinction aims to solve the loss of information
issue. Different than previous studies, the principal component analysis (PCA) components,
along with their corresponding contribution weights, are used in an innovative way. First,
PCA algorithm was coded to capture 99% of the variance. Hence, if there are n components,
the sum of components’ variance ratio (PCVR) equals 1.
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The first component (P¢1) explains the highest proportion of the variance, while the last
component (PCx) explains the least proportion of the variance.
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The basic idea is to use the principle component variance ratio (PCVR) and corresponding
loading weights to find each feature’s (stock) proportional contribution to the component.

Hence,n the stocks (S»)  proportional contribution to m the principle component (PC..)
is as follows:
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Since there is n principle components, m the feature’s (m the stock) weight will be the
sum of the product for each component's variance ratio and corresponding proportional
contribution to the component. This calculation is very similar to feature importance concept
in some machine learning algorithms like decision tree.

WITI = }Izl PCVR] Ij'm (6)
Wm is m the stock’s weight, which is its proportional contribution to explain total variance.
W1+W2+"'+Wp:1 (7)

Data

Except for certificates, American Depositary Receipts (ADRs), Shares of Beneficial
Interest (SBIs), Depository Units, exchange-traded funds (ETFs), Real Estate Investment
Trusts (REITS), and shares of Berkshire Hathaway Inc., from January 1, 1990, to March 31,
2022, all stocks in the CRSP database were used. The liquidity proxy was measured using
trade volume-averaged bid-ask spreads. On days with low trading activity, the bid-ask
spreads for low-volume stocks tend to demonstrate a significant width. Hence, averaging
bid-ask spreads by using the trading volume of the stocks increased the spreads accuracy.
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In addition to the returns, moments of returns, and liquidity, The Standard Industrial
Classification Codes (SIC) for each stock were added to the data set to track the index's
industrial composition over time.

Each year’s expected returns and moments of stocks were calculated in a loop by
using three years of historical data. The K-Means algorithm was looped for each year from
1995 to 2022. The calculations were coded in the Python environment by using K-Means
and PCA algorithms from the Sklearn library. Missing data observations are imputed with the
variable averages using the Sklearn library's simple imputer during the PCA process.

Mehmet Benturk

Results
Component Selection

As previously stated, the fundamental purpose is to develop a stock market index
that meets theoretical requirements. A good index should reflect the sectoral distribution of
the overall economy. Stocks in the data set were labeled according to their SIC in order to
be analyzed indices sectoral composition. The sectoral distribution of index components
over time is displayed in Figure 1. Manufacturers, financiers, and service companies have
the largest share of the total. Their trend, however, began to decline gradually after the mid-
2000s, whereas the public sector, which primarily represents technology companies, has
grown at a rapid pace. The results demonstrate that the component selection well captured
the sectoral distribution in the overall economy, as the economy's sectoral tendencies
closely resemble the image.

®
e R ®Ce,
0.35 L T o o
ee®® ° o sector
) .. ® Agriculture
5 0.30 ... Construction
o ]
I o ® Finance
‘:‘g ® ® .
| 0254 ee °2 o L Manufacturing
3 . %% 00:. oo ® Mining
8 0.20 . ®e . e Public
o Y- . L P e ® ;
£ ® ....... Retail
< e .
SI . ...::0..... ® Services
S 0.15 e, . Transportation
5' * ®e Wholesale
-E 0.10 4 ® number_of_company
Z 2 e 300
8 e 600
0.05 _ee* 8%0%e .00 ® 900
* . e® % L -
*eccase . ® 1200
000 88sesvs==2°< Ee goe®esessssseseens . 1500
T T T T T T
1995 2000 2005 2010 2015 2020
Year

Fig 1: The sectoral compositions of index components

Weights

The weighting methodology directly influences the impact of value and growth
companies on the index. Due to their typically longer existence, value companies are less
common in both the economy and index compared to growth companies. Conversely, value
companies have larger market capitalizations. As a result, value companies have an
influence on market-cap weighting indices, whereas growth companies have an influence on
equal-weighting indices. Therefore, the weighting methodology has a substantial effect on
the performance and statistical properties of the index. PCA-based weighting was used to
eliminate these impacts. The equal-weighting, market-cap averaged weighting, and PCA-
based weighting indices were compared to the major popular indices, the DJI, S&P 500,
Nasdag Composite Index, and CRSP Value Weighted Index, to analyze performance and
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moments. Figure 2 shows the estimated kernel density plot for the equal-weighted, market-
cap weighted, and PCA-based weighted indexes with the major popular indices returns. At
first glance, it is evident that none of the indices exhibit a normal distribution and have similar
means and standard deviations. Table 1 shows the Shapiro-Wilk test results, which also fall
to support the presence of a Gaussian distribution. For the higher moments, however, the
three indices that are generated in this study differ from other major indices.
Table 1: Indices returns normality test statistics

Fig 2: Indices’ returns distribution

Table 3: Indices returns correlation matrix
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Table 2: Indices’ returns moments
Equal Market |PCA CRSP
Weighted Cap Weighted S&P NASDA Market
[index DJI 500 Q@
Index Index Index Cap Index
0.041
[Mean 0.0598 0.1019 0.0472 10.0394 |1 0.0551 [0.0486
Standard 1.199
Deviation 1.2701 1.4302 1.3698 [1.1548 |1 1.5435 [1.2043
- 0.195
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Table 2 shows the indices' return moments. The market-cap-weighted index differs
from others in terms of mean and skewness. The mean of the market-cap weighted index is
almost twice as high as that of the other indexes, and it is positively skew. As previously
discussed, the market-cap weighting results in the over-influence of large-cap companies on
the index. Figure 3 shows the cumulative return performance of the indices over time. In
comparison to the others, the market-cap weighted index performance is excessively high.
Therefore, it can be inferred that the use of market capitalization weighting results in the
ineffectiveness of indexing as a proxy measure. In contrast to its return’s moments, its
correlations with major popular indices (particularly the NASDAQ composite index and the
CRSP market-cap index) are extremely high. This brings us back to the misspecification
studies mentioned in the introduction. According to ,, and , the theoretical requirement for
market portfolio mean-variance efficiency can be rejected or accepted through a proxy as
long as its correlation with the real market portfolio is high enough (greater than 0.70).
However, as the market-cap weighted index indicates, a proxy that is highly correlated with
the real market portfolio can diverge in moments.

The equal and PCA-weighted averaged indices are both highly correlated with the
most popular indices. Table 3 shows the correlation matrix for indices returns. While the
correlation between the equal-weighted average index and the CRSP Market-Cap weighted
index is 0.90, the correlation between the PCA-based weighted index and the CRSP Market-
Cap weighted index is 0.88. Aside from the skewness, the moments of the equal-weighted
average and PCA-based weighted indices are close to the moments of the major popular
indices, as shown in Table 2. The equal-weighted average index return’s mean is 0.0598,
very close to the NASDAQ, which is 0.0551. Similarly, the means of the PCA-based
weighted and CRSP market-cap indices returns are very close to each other, at 0.0472 and
0.0486, respectively. For the returns’ second and fourth moments (variance and kurtosis),
both the equal-weighted and PCA-based weighted indices are close to the major popular
indices. They do, however, differ significantly from the major popular indices in terms of
skewness. The equal-weighted and PCA-based weighted average indices exhibit skew
nesses of -0.4970 and -0.4303, respectively. Hence, the CRSP Market-Cap weighted index
is the closest major popular index to the PCA-based weighted index in terms of skewness.
The skewness of the NASDAQ index return is - 0.0043, which is the most pronounced
deviation compared to both the equal-weighted and PCA-based weighted indexes. As a
result, the PCA-based weighted index technique deviates from the major indices due to its
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skewness. Greater negative skewness indicates greater black swan probabilities in the
market, which helps explain stock market crashes such as the 1929 crisis, 1989 Black
Monday, and 2000 Dot-com crash.
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Fig 3: Indices’ Compound Returns (03/01/1996=100)
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Fig 4: Indices’ Compound Returns (Market-Cap Index is excluded), (03/01/1996=100)
Despite having the same components, market-cap-weighted, equal-weighted, and
PCA-based weighted indexes perform differently due to weighting. Figure 4 depicts the
cumulative return of all indices, while the market capitalization-based index was removed
due to its scale difference. Hence, Figure 4 provides a clear comparison of the performance
of indices. The equal-weighted index has a relatively more reasonable performance than the
market-cap weighted index. There is, however, a significant performance difference when
compared to the major popular indices. In contrast to market-cap indices, equal-weighted
indices are influenced by small-cap companies, as is the case in this study. Demonstrated in
their experimental study that if equal-weighted indices are very inclusive (high component
number), as this study's methodology is, they become less representative for the market
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portfolio. PCA-based weighting, on the other hand, is based on the idea of capturing the
greatest amount of variance, which eliminates large or small cap companies' undue
influence on the index.

As seen from Figure 4, PCA-based weighting index has similar performance to the
CRSP market-cap weighted index. Furthermore, the correlation matrix among the indices
that is presented in Table 3 also confirms this inference. PCA-based weighting works
perfectly in index weighting to reflect the pure price change relationship among the
components by avoiding the capitalization impact. The main difference between these two
indices, as shown in Table 2, is skewness. The PCA-based weighted index is noticeably
more skewed than the CRSP weighted index (and other major indices). The index's higher
negative skewness makes the black swan events we've seen in the markets more
understandable. More importantly, it explains why investors accept lower returns on value
stocks versus growth stocks. The skewness of the DJI is -0.1657, which is 2.6 times greater
than the skewness of the PCA-based weighted index. This conclusion also validates the
endogenous implication in the CAPM framework, which is addressed.

CONCLUSIONS

The K-Means algorithm classification based on higher moments and asset liquidity
provided very consistent stock (component) selection for the market portfolio proxy. The
weighting methods made a significant difference in index performance and proxy statistical
properties. As expected, the market-cap-based weighting index methodology is overly
influenced by the value companies' stocks. The market-capitalization-based weighting index
methodology distinguished itself in terms of index performance and statistical properties
when compared to other methods and major indices. The performance and statistical
features of equal-weighted indexing are more reasonable compared to market-cap weighted
indexing. However, due to the nature of equal-weighting, small-cap stocks have a
disproportionate influence on the proxy, resulting in a questionable performance difference
when compared to the major popular indices.

Alternatively, PCA analysis was used to eliminate market-cap effects on the proxy
during the weighting step. As anticipated, the PCA analysis weighting methodology
generated satisfactory results. It has a high correlation with the major popular indices.
Likewise, except for its third moment (skewness), its other moments (mean, variance, and
kurtosis) are very close to major popular indices. The PCA-based weighting index, on the
other hand, stands out due to its extremely high negative skewness.

In brief, the PCA-based weighting index will be extremely beneficial in improving
pricing model qualities in academic and industrial practices. Considering the size of the
index fund industry, this study’s methodology will be beneficial to provide objective and
transparency-based indices to industry.
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